A new exact static interior solution of the Einstein equations is obtained for a gravitating ball filled with a Pascal perfect fluid . The solution is an extension of the well-known interior solution with a parabolic distribution of mass density and describes more compact astrophysical objects such as neutron and hyperon stars. It is shown that a behaviour of the new mass density distribution near the stellar centre can be described as a cusp catastrophe.
Introduction
The problem of finding exact solutions of Einstein's equations is connected, above all, with their nonlinearity. Therefore every new exact solution always calls certain interest, both from the point of view of a physical interpretation and from the point of view of the method of its derivation.
Schwarzschild's known interior solution (see [1] ) is an exact interior solution of the Einstein's equations with a homogeneous distribution of a Pascal neutral perfect fluid. This solution describes the interior field of a static star. The main shortcoming of this solution is that the velocity of sound exceeds the velocity of light. The mass density is constant in the whole volume of the astrophysical object and has a finite jump on the stellar surface.
Another exact interior solution [2] , [3] is free of the above shortcoming. The solution describes a fluid ball with the parabolic law of mass density decrease from the centre to the surface. However, both solutions near the stellar centre behave almost equally with rrespect to Petrov's algebraic type. The Schwarzschild interior solution has the algebraic type 0. The second solution, in a small neighbourhood of the ball centre, has approximately the same algebraic type 0.
In the present article, the problem of generalization of the solution with a parabolic distribution of the mass density for a neutral Pascal fluid is considered.
Metric and gravitational equations
The Einstein equations with the static metric
and the energy-momentum tensor of a perfect Pascal fluid
1 e-mail: alex m bar@mail.ru are considered. Thr function µ is the mass density and p is the pressure; u α = dx α /ds is the fluid 4D velocity; α , β = 0, 1, 2, 3.
These equations can be reduced to the nonlinear equation of spatial oscillations
where ζ is the new variable
with ε = G 2 /L 2 ; τ = t/R and x = r/R are dimensionless variables; 0 ≤ x ≤ 1; t, r are the time and radial coordinates, y = x 2 , 0 ≤ y ≤ 1, and R is the stellar radius. The vacuum velocity of light is chosen to be equal to unity.
We can write Ω 2 in a more convenient form:
where
plays the role of the Newton gravitational potential inside the ball; χ = κ R 2 . When Ω 2 equals zero, we have the Schwarzschild interior solution. For
and we have the known exact static solution [2] , [3]
with Ω 0 = χ µ 0 a/5 and the parabolic distribution of the mass density
This solution describes compact astrophysical objects such as neutron stars.
Darboux's method and an extension of the solution
According to Darboux's method [4] , an extension of this solution is connected with the choice
with Ω 2 0 = const and
whereỸ is a particular solution of the equation of a linear spatial oscillator (7) withΩ
Here we select the functionỸ = cos(b ζ).
So we have the extension of Eq.(7)
The exact general solution of this Darboux equation is
The new functionΦ(y) is written as a quadrature:
With the aid of this function we easily find the new mass density distribution
whereμ(0) = µ 0 . Now the new variable ζ is the quadrature
On the surface of the ball we havẽ
where η 0 = 2m/R is the compactness for the model with a parabolic distribution of mass density; m is the integral mass of ball. The expression for the new mass density near the stellar centre can be rewritten as
where σ 0 = χ · µ 0 . This equation can be reduced to the equation which describes the cusp catastrophe
where ε 1 = 1 −μ(y)/µ 0 ≪ 0 is a small deviation from the mass density at the stellar centre, f C = 20/3, B = (3/2)b 2 /f σ 0 . The behaviour of the functionμ(x) describes the star's stability near of the centre under the control parameters µ 0 , b, χ. There exists a range of the control parameters in which the system has a catastrophic behaviour.
Summary
Application of Darboux's method to a known exact static interior solution of the gravitational equations with a parabolic mass density distribution makes it possible to obtain a new interior solution with a new mass density distribution law. The extension of solution can be used for simulation of more compact astrophysical objects: neutron stars and, probably, hyperon stars. Another feature of the new solution is that near the stellar centre the mass density behaviour is described by a cusp catastrophe, and, for some values of the parameters included in the expression for the mass density, the stability of the star breaks down.
